
ODD PERFECT NUMBERS

A perfect number is a [natural] number whose all divisors [including 1 and excluding the number itself] - when added together - make that number. Euclid as well as early Hebrews knew the formula for [even] perfect numbers [Albert H. Beiler, Recreations in the Theory of Numbers, Dover Publications Inc., 1966]. 2300 years after Euclid Leonhard Euler proved that this formula is the only one for generating even perfect numbers: 

[2^(p-1)]*[(2^p)-1] where p and (2^p)-1 must be primes. 

Example: p = 3 and [(2^3) – 1] = 7; (2^2)*(7) = 28.

There should be infinite number of even perfect numbers since there is infinite number of primes.

The question whether there might be odd perfect numbers is a legitimate one; up to now there has been no proof that such a number could not exist. There are no odd perfect numbers up to 10^300 - that has been checked by computers [Wolfram, mathworld: http://mathworld.wolfram.com/OddPerfectNumber.html]. 

Heuristic proofs [Carl Pomerance] and [strong] opinions of some mathematicians [Øystein Ore] suggest that there are no odd perfect numbers. 

A geometrical, [Euclidean] square built from consecutive, odd numbers is used as a model for following considerations…

All consecutive odd numbers [from 1] added together form always a square. Imagine a square x^2 built by odd numbers [added together] from 1 to F[g]; each odd number [apart from 1] forming the square belongs either to set Fs or Ms. The greatest odd number which determines the square x^2 is one of Fs, namely F[g]; therefore F[g] = 2x – 1 and x = (F[g] + 1)/2.   

Assume that an Odd Perfect Number (P#d) exists. Its all factors  (apart 1)- will be called Fs; they must be odd by nature and their number N must be even (see note *1). 

Again, the square x^2 will contain 1, all factors (Fs) and, additionally, all Ms:

1 + [all Fs added] + [all Ms added] = x^2 = [(F[g] + 1)/2]^2 and since [1 + all Fs added] = (P#d) - then 

(P#d) + [all Ms added] = x^2
Trying some cryptic mathematical notation – as far as it is possible under a word processor: [all Fs added] = ∑(Fs) and

[all Ms added] =  ∑(Ms) and (P#d) = 1 + ∑(Fs) as well as 

1 + ∑(Fs) + ∑(Ms) = x^2 and (P#d) + ∑(Ms) = x^2
It is also possible to multiply all Fs and Ms by themselves which is equal to double factorial of the last, odd number F[g]: 

(all Fs multiplied)*(all Ms multiplied) = F[g]!!
Note that (all Fs multiplied) = (P#d)^(N/2) what gives

[(P#d)^(N/2)]*(all Ms multiplied) = F[g]!! and

(P#d)^(N/2) = F[g]!!/(all Ms multiplied).

Drawing the (N/2) root of both sides:

(P#d) = [F[g]!!/(all Ms multiplied)]^[(1/(N/2)]
In the cryptic notation: (all Fs multiplied) = ∏(Fs)
(all Ms multiplied) = ∏(Ms); ∏(Fs) = (P#d)^(N/2)
(P#d) = [F[g]!!/ ∏(Ms)]^[(1/(N/2)]
The fraction [F[g]!!/(all Ms multiplied)] could (and should) be canceled out to: 

[F[g]!!/(all Ms multiplied)] = (all Fs multiplied), consequently

(P#d) = (all Fs multiplied)^(1/(N/2) also expressed as

(P#d) = ∏(Fs)^(1/(N/2) 

Among all factors Fs must be at least 8 prime factors (Hagis 1980, in mathworld); having used abbreviations 

multpld  = multiplied and fs. = factors, it gives
(all Fs multpld) = [(8 prime fs. multpld)*(rest of Fs multpld)]
and

(P#d) = [(8 prime fs. multpld)*(rest of Fs multpld)]^(1/(N/2)
It is obvious that (N/2) root of (8 prime fs. multpld) cannot render a rational number (see also note *2).  Therefore (P#d) must be here irrational:

(P#d) = (all Fs multiplied)^(1/(N/2) = irrational
(P#d) = ∏(Fs)^(1/(N/2) = irrational

(P#d) = irrational
Needless to say that an Odd Perfect Number (P#d) must be a natural number and not an irrational one. Reductio ad absurdum perfecta est, QED.
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Notes

----------

*1)It must be so since if only one factor of (P#d) were even, the (P#d) couldn't be odd. On the other hand, if all Fs plus 1 should be odd together, then there must be even number of factors Fs. 

*2)Also, the numbers (factors) in double factorial are like 

…*(f – 2)*(f)*(f + 2)*…. Consequently, if any 1/r root can produce an integer from (f): (f)^(1/r) = Int, then it cannot from (f - 2) or (f + 2): (f - 2)^(1/r) = Irr[1] and/or 

(f + 2)^(1/r) = Irr[2].




















