August 2010

ESTABLISHING A LOWER BOUND FOR CARDINALITIES OF
SETS OF GOLDBACH AND PRIME PAIRS

TOM MILNER-GULLAND

This paper proposes, and demonstrates the efficacy of, a method for establishing a lower
bound for cardinalities of sets of Goldbach pairs, and shows that the proofs employed
may be modified for sets of twin primes. We employ, as one of two variables upon which
our proofs turn, the sum, for all ¢ in an interval [z,y] of integers, of (k(‘;’i)), where
k(J,4) is the number of distinct divisors, in a set J of primes, of i. We use our results in
conjunction with a perspective on mirror symmetry as found in divisibility distributions,
and, implicitly, the Chinese Remainder Theorem. We take the midpoint in [1,m], where
m is the square of an odd prime, and tacitly consider the sieve of Eratosthenes in such a
way as to find a set of primes whose distribution exhibits a mirror-symmetrical pattern
about that midpoint.
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Introduction

Let N be the set of non-negative integers. Throughout this paper, [z, y] will be
taken to mean [z,y] = {n € N: 0 <z <n < y}. All intervals are closed bounded
unless otherwise stated. Also, p, for n = 1,2, ... will be the sequence of primes; for
a finite subset K of N, [[ K will denote [], ., 7, and ¢ will be the Euler totient;
for sets K and K’, K @ K’ will be the symmetric difference of K and K’.

Additionally, for subsets M and N of N and 7 € [1,00), we define
Div(M,i)={me M :m|i}

and
Mult(M,N) ={m € M : n | m for some n € N}.

Also, P(n) will be {p1,p2,...,pn} and J will be any set of primes.

Our essential concept, which is one of a folding of the number scale, will be
illustrated diagrammatically and also expressed algebraically. We consider that
our inductive step is established by way of the employment of a set of bijections
concerning the arithmetic mean (henceforth, A.M) of |Mult([i,p? + i], P(n))| for
i ranging over [1,][[ P(n)]. This is coupled with a general study of maxima and
minima, among intervals I all of equal length, found by functions concerning sets of
sets Mult(Z, {p, q}) and Mult(I,{p, q,r}) such that p, ¢ and r are distinct elements
of P(n). From Theorem 2 onwards, key to our proofs is the tacit use of the Chinese
Remainder Theorem.

1. Folding the Number Scale

Assume until Theorem 1 that y — z is even. Our forthcoming argument employs
mirror symmetry in the context of @ and b in [z, y| for which a +b = 2+ y. Indeed,
our employment of (z + y)/2 will imply a rephrasing of the Goldbach Conjecture
as every integer greater than one is the A.M. of two primes.

For any integer k, let

Ak i) = fm € [0,7) 14| (k+m)},
and let

A'(kyryi)={me€[0,r):i|(k—m)}.
For n > 1, and ¢ € P(n) \ {2} for which ¢ | (x + y)/2 and k for which ¢ | &,
(x +y)/2 — k is an integer multiple of ¢, so ¢ also divides both (z + y)/2 + k and
(x+vy)/2—k. Thus for any v, A((x +y)/2,7,q) = A'((x+y)/2,7,q), while for i for
which ¢ 1 ((z +y)/2 + 1),

T+ . T+ . T+ .
|A <2y+z,r,q) UA <2y+z,r,q>:2|A( 2y+z,r,q> | + u,
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where u € {—1,0,1}. Where, in the forthcoming exposition, we employ a set of
primes that excludes the integer two, we are respecting the fact that two divides
either (x +y)/2 or (x+y)/2—1and (z +y)/2 + 1, and in both cases

tmebn2] (T3 - m)y = tme 2| (T3 4m)).

For any set M of integers, let
L(k,r, M) = {A(k,r,i):i€ MyU{A'(k,r,i):i€ M}.

Suppose that 0 < m < k. If K+ m and k£ — m are both prime, and e is even, with
respect to the Goldbach equation p + g = e, the substitution of 2k for e yields a
solution. By employing |J L(k, r, P(n)) we may devise a method to study divisibility
distributions in the context of what may be conceived as a folded number scale (see
Figure 1). For any integers ¢ and r and any set K of primes, let

D(r,i,K)={pe K :ie|JL(ri{p}}

We note that, since there is no 0 < m < p2 such that Div(P(n), m) = {pn+x}, where
k > 0, there is no composite in [1,p2] \ Mult([1,p2], P(n)) (hence our respecting
the sieve of Eratosthenes, by employing p? or p2 + 1 as the cardinality of intervals
with which we shall ultimately be working). Therefore, for any even e < p2,
e e e
fme[25]: D(5.5-1,Pm) =0}

is a subset, of cardinality e/2 — 1 — ||J L(e/2,e/2 — 1, P(n))|, of the set of primes
p such that p 4+ ¢ = e is the Goldbach equation. (To prove that, for every integer ¢
and every n such that p2 < 2i < p2 4, either [0,7 — 2]\ JL(¢,i, P(n)) # 0 or for
every i there is a known solution p + g = 2¢ to the Goldbach equation, is to prove
the Goldbach Conjecture.)

Since for some g € [0,7) and some m, A(k,r,i) = {g+mni : n € [0,m)} and
[|A"(k,7,4)| — |A(k,7,7)|| = u, where u € {0,1}, while

[Mult([1, 7, {i})| = [A(k, r,i)| — v,

where v € {0,1}, in our method |J L(k, | (y — z)/2] + 1, P(n)) is given a treatment
similar to that which may be afforded to Mult([z, y], P(n)) in regard to whether or
not [z,y] \ Mult([z,y], P(n)) = 0.

Let H(J) be the set of two-element subsets of J.

Theorem 1. Let I and I’ be intervals for which |I| = |I’| and
[Mult (7, J)| < [Mult(I’, J)|.

Then
[Mult(I’, J)| — [Mult(Z, J)| < 2|H(J)| + 1.
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| = y+X, r & s for which
an even r+s = y+x, and

number r<s. , . ,
Direction of numerical

ascension

————————————

Direction of numerical
ascension

i=0 i=
(x+y)/2
NOTES:

1) For each set of rows on either side (top or bottom) of the fold, a column on that
side signifies a distinct integer (except, if odd, for (x+y)/2, which extends over both
sides). A shaded box signifies a prime factor of an integer thus represented.

2) The direction of numerical ascension is reversed at (x+y)/2, giving the folded
number scale.

3) When all the members of P(n) are incorporated (in further rows), each vertically
coupled pair of columns (comprising, in sum, 2n grid squares) for which

no shaded boxes appear in either side of the fold (see reference to r & s) will
represent a solution to the Goldbach equation.

FiGURE 1. The Folded Number Scale for Divisors 3,5 and 7 and
an Interval [z, y]

Proof

The following proof is a consequence of the fact that two is the least of all elements
of the set of |S| such that S C Div(J,m) with |S| > 1, in view of the fact that for
some |S|-element subset M of N there is a bijection b : S — Mult(M, S) defined,
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for each p € S, by p € S = Div(S,b(p)). It is also a consequence of the fact that,
for any integer 4 for which i 1 |I|, [Mult(Z, {i})| = ||I|/i] + r, where r € {0,1}. Let
K be a three-element set of primes. For any sets M and M’ of integers for which

L |M| = |M'],
II. for each proper subset R of K,

> Mut(M AT RDI =D IMult(M’ {T[ R}

NER NER
IIL. Mult(M’, {]] K})| = Mult(M,{[]K})| + 1,
let gpomr x : M — M’ be a bijection that minimizes

> IDiv(K, k) & Div(K, gusa i (k).
keM

For any sets N and N’ of integers for which |N| = |[N’| and, for each p € K,
[Mult(N’, {p})| — IMult(N, {p})| = r, where r € {0,1}, let X (N, N’, K) be the set
of pairs (C, C") of sets of integers such that

LlC|=c" =3,
II. there exists gn\c, N\, K
II. for each m € C'U C’, |Div(K,m)| < 1.

Let S(I,I',J) be the set of all three-element subsets G of J such that, for some
(C,C") € X(I,I',G) there exists gp\c,ncr,q- Let K € S(I,I',.J). Suppose that
Div(K, gnc,jo,)\c’.kx (1)) = K, implying |Div(K,i)| = 2. Recall that H(J) is the
set of two-element subsets of J. Let Y (I,I’,K) be the set of all E € H(K) for
which, for some (C,C") € X(I,I' | K),

IMult(2\ {i}), {] [ EDI = Muls(I"\ {gnc,menx (O} AT ENI+1
and Y'(I,I', K) be the set of all p € K for which
IMult(Z\ (C'UA{i}), {p})] = [Mult(I"\ (C" U {gnc,incr.x (D)}) AP} + 1.
Then |Mult(’, J)| — [Mult(Z, J)| = |Y (I, I', K)| — |Y'(I, I, K)| =2 —1 = 1.
We note that

a) for each M € S(I,[0,]I]),J), for some (C,C") € X(I,[0,]I]), M) we have
[Mult([0, [7]) \ €', M)| = [Mult(I \ C;, M)| + 1;

b) for any {p, ¢} € H(J) for which
> Muls(z {rh)l = Y Mult([o, |7]), {r})]

re{p.q} re{p.q}
and [Mult(, {pq})| = |[Mult([0, |I]),{pg})| + 1, we have
[Mult(Z, {p, ¢})| = [Mult([0, |[I]), {p,q}) - 1. (1)
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Let H'(J) = {M C J : |M| = 3} and G(J) = {[[N : N € H'(J)}. The
following is intended to invoke the fact that it is possible that |Mult(l, G(J))}] is
not equal to |Mult([0, |I]), G(J))}| notwithstanding that, subject to further scrutiny,
it is possible that also

ST M [ MBI = S ute(o, (1), ] M.
MeH'(J) MeH'(J)

For distinct elements W and W' of S(I,[0,|I]),J), let N and N’ be proper subsets
of W and W' respectively, such that NUN’ € S(I, [0, |I|),J). Then since a), above,
is true, it follows that for some (C,C") € X (I, [0, |I]), N UN"),

|Mult(I \ C, N U N")| = |[Mult([0, |I]) \ C', N UN")| — 1.
If each three-element subset of J is in S(I, [0, |I|),J) then, noting that for each
p € J we have [Mult([0, |I|),{p})| = [|I|/p] + 1, it follows that

max{[Mult([s, | 1| +4), J)| : i € N} = [Mult([0, |]), .J)]- 2)

Conversely, if there is a nonempty subset N of H'(J) for which each element of
N is not in S(I,[0,|I|),J), then for each for M € N either there exists E € H(M)
for which

Mule([0, [1]), {TT ED)I > Mute(Z,{] ] £}
or |Mult([0, 1), {I[IM})| = |Mult(I,{][M})|. We note that for any two sets R
and R’ of integers for which 3 ; [Mult(R’,{p})| = >_  ; [Mult(R, {p})],

> (Div(Jm)[-1)= > (Div(J;n)| - 1)

’

meR neER
IDiv(J,m)|>1 IDiv(J,n)|>1
= |Mult(R', J)| — [Mult(R, J)|. (3)
For any sets V and V' of integers, let
HV,V' ) =Y [HDiv(J,n)| = Y [H(Div(J,m))|.
neV meV’
Assume from now until the completion of this paper, that |.J| > 2. For any two sets
R and R’ of integers for which ¢(R, R',J) =0 let
brr .y {(H(Div(J,k)),k) : k € R} — {(H(Div(J,m)),m) :m € R'}
be a bijection. Then if ¢(I,[0,|I]),J) = 0, it follows that there is a |H (J)|-element
subset, U, of {(H(Div(J,k)),k) : k € I} for which, for each (u,v) € U, for some
T € H(J), we have by o, 1)),7(u,v) = (T,0). Also, for any nonempty subset K of J,
1]

maate(1, 1) 01 = | e |

{(H(Div(J,k)), k) : k € I}| — [{(H(Div(J,m)),m): 0 < m < |I|}|
<H @)
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In view of (4), let G(J) be the set of all pairs (E, E’) of sets of integers for which,
for each M € {E,E'},

Y [HDiv(J,m))| = |H(J)|
meM

and for which » . |Div(J,m)| = > cp |Div(J,n)|. Let (R, R') be an element
of G(J). Suppose that, in the set of all m € Mult(R, J) for which |Div(J,m)| > 1
there exists no n for which |Div(J,n)| > 2 and there exists k € Mult(R',J) for
which Div(J, k) = J. Then, assuming [Mult(R',J)| > |[Mult(R, J)|, it follows by
(3) that

IMult(R', J)| — [Mult(R, .J)|
= Y (Div(Zm)|-1)- Y (Div(Jn) 1)

meR’, neRr,
|Div(J,m)|>1 |Div(J,n)|>1
=|H(J)| - |J]+1.

Since two is the least, and |.J| the highest of all elements of the set of all |S| such
that S C J and H(S) # 0, this implies that, for any (K, K') € G(J),

[Mult(K’, J)| — [Mult(K, J)| < [H(J)] = |J| + 1. ()

Let U(J) be the set of all |J|-element sets of primes. Recall that for any sets V'
and V' of integers,

t(V, V', J) = [HDiv(J,n))| - > [H(Div(J,m))|.

nev meV’

Let h(J) be the highest element in the set of all [Mult(M, N)| — |[Mult(M’, N)| such
that N € U(J) and M and M’ are intervals for which ¢(M, M', N) = 0. It follows
by (1) and (2) that, for some 0 < m < ([0, |I]),1,J),

[Mult ([0, |1]), J)| < [Mult(Z, J)| —m + h(J). (6)
We note that
[{p € 7 5 IMuls(M, {p})] £ Mule(M", {p)[}] < ||
It follows by (2) coupled with (4), and (5), that h(J) < |H(J)|—|J|4+1+]|J|. Hence
h(J) < [H(J)| + 1. (7)
Since m < |H(J)|, (6) gives us
IMult(I’, J)| — [Mult(Z, J)| < 2|H(J)| + 1.

Recall that
A(k,r,i) ={m e [0,r) :i| (k+m)},
and
A'(kyryi)={me€0,r):i|(k—m)},
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and
L(k,r,M) = {A(k,r,i):i€ M}yU{A'(k,r,i):i€ M}.

1.1. Remark.

For any k, 7 and r,

Kp e J: IMult((k — 7,k +r),{p})| > [Mult((i —r,i+7),{p})[}

=|{p € J:|L(k,r, {p})| > |L(i, . {p})[}]
< JI.

Theorem 2. Let k, r and i be integers for which

Lk, v, > LG, 7).
Then

Proof

For any distinct primes p and ¢, let
V(k,m,{p,q}) = (A (k,r,p) N A(k,7,q)) U (A" (k,r,q) N A(k,7,p)).

Choose k and r so that for each K € H(J) there is a distinct V(k,r, K) in
{V(k,r,M) : M € H(J)} and likewise a distinct Mult((k — r,k + r), K) in the
set of all Mult((k — r,k + 1), M) such that M € H(J). Then

KV (k,r,M): M € J} = |H(J)|. (8)

Also, since in any interval I of positive integers for which |I| = pg, there is precisely
one element of A’(k, maxI,p) N A(k,maxI,q) NI, and since

min(A'(k,r,p) N A(k, 7, q)) + min(A'(k, 7, q) N A(k, 7, p)) = pq, (9)
we have ||V (k, 7, {p,q})| — [V (i,7,{p,q})|| € {0,1}. Let
Qk,r,J) = {Mult((k — r,k +r), M) : M € H(J)}.
Then it follows by (8) that
|Q(k,r, J)| + {V (k,r, M) : M € H(J)} = 2[H(J)|. (10)
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Let j(k,i,r,J) = ZMeH(J)(W(i,r, M)|— |V (k,r, M)|). Then j(k,i,r,J) < |H(J)|.
Also, there exist v and v for which

ST (IMult(fuu+ 20), M)| — Mult(fo,y + 20), M) = j(k,i,r ). (11)
MeH(J)

The forthcoming exposition is a consequence of the fact that, for any interval M
and for any proper subsets G and G’ of J for which |G'| > |G|,

IMult(M, G') \ Mult(M, G)| = [Mult(M, G")| — [Mult(M, G)|.

Thus, for any M’ for which [Mult(M’, J)| > [Mult(M, J)|, we may choose G and
q € J\ G so that

IMult(M, G U {g}) \ Mult(M, G)| < [Mult(M’,G U {q}) \ Mult(M’, G).

Let K be any subset of J for which |K| > 1. For any ¢t and each ¢ € K, any
m € [0,r) is in U L(t,r, {¢}) \U L(t,r, K \ {¢}) if and only if, for each subset S of
L(t,r, K\ {q}), we have m € J L(t, 7, {q}) \ U S.

Therefore, we may couple (11) with (1), (2), (7), (10) and Remark 1.1, and we
have

[Mult((k+ 7,k —r), JJ)| — |Mult((: —r,i +7),J)| + 2|H(J)| — |J| + 1
> |JLk,r, )| = LG, 7, T)|.
It follows by Theorem 1 that
ULk, D) = LG, T)| < 4/H(T)] = 2(17] = 1) + |J]
=4|H(J)| - |J| + 2.

1.1.2. Remark.

Let us substitute P(n) for J in the statement of Theorem 2. From the facts that
A(k,r,2) = A'(i,r,2) = |JL(4,7,{2}) and that P(n) contains the prime two, and
that [{M € H(P(n)):2 € M}| =n—1, and since |H(P(n))| = n(n—1)/2, we may
subtract n — 1 from the right-hand side of the above equality. Thus

| Lk, r,P(n)) = | J LG, r, P(n)]
<2nn—1)—n+2-(n-1)
=2n(n —2) + 3.

1.2. A Lower Bound for Cardinalities of Sets of Goldbach Pairs
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Here we reach the final part of the first of our two chief proofs. Our forthcoming
Theorem employs the A.M. of [Mult([i, p2 +i], P(n))| for i ranging over [1, ] P(n)],
in conjunction with Theorems 1 and 2, which in turn have utilised, by way of
the expression | J L(k,r,J), mirror symmetry about the midpoint & of an interval
(k—rk+r).

For any integer k for which no element of J divides k, let

f(n) = L A2} = U EC TTP(n) | {2), P(n) \ {2})
[[P(n)

Lemma. The value of f(n) is equal to J[,cp()\ (23 (P — 2)/ 1 P(n).
Proof

For any prime q ¢ J, we have Mult([1,q [ J],{q}) = {iqg: i € [1,]] J]}. Suppose
that ¢ € [1,]][J]. Then ig € Mult([1,¢[] /], J) if and only if ¢ € Mult([1,]] J], J),
s0

Mult([1, q [] 7], 7) n Mult((1, ¢ [] 71, {a}) = {ig : i € Mult([1, [ 71, 7)}-

In particular, the map

g - Mult([1, [ 71, 7) = Mult([1,¢ [ ] 71, 7) 0 Mult([1, ¢ [ ] 7], {a})

defined by g(i) = iq is a bijection. Thus, since there are precisely [[J integer
multiples of ¢ in [1,¢[] J],

([T =TIw-1=1{ret,q]]7]:Div(7u{g}r) = {a}]

peJ
_ Hretql[J]: Div(J,r) = 0}
q

(12)

Assume until the completion of this proof, that 2 ¢ J. Let k be an integer for
which no p € JU{q} divides k. Recall that, for any integers i and r and any set K
of primes,

D(r,i,K)={pe K :iec|JL(ri{p}}
We note that for any integers 7 and j, Div(J,i) = Div(J,j[[J £ i), and for each

m e |JL(k,][J,J), some element of J divides either k + m or k —m. Then for a
ranging over [1,[] J],

|{aHJ—|—u:D(k,u,JU{q}) = {q}, O<u§HJ}|
= |UL(kaHJ7 {Q})\UL(k7HJ7J)|

10
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while for each m € [a[[ J+1, (a+1)[] J], we have D(k,m,J) = D(k,m+]]J,J).
Therefore, for any interval I of cardinality ¢ ] J,

[{m € | JL(k,maxI,{q}) NI : D(k,m,J) = {q}}]

= 2|{i e Mult([1,¢ [ [ /], {¢}) : Div(J,i) = {a}}]. (13)
Let
e(p, J) = 10, ]TJ) \ Mult([0,]TJ), J \ {p})|
’ [{m € Mult([0, ][ J), J \ {p}) : Div(J,m) = {p}}|
Then

_ c(p, J)
o[ =11 (p_ O] )

peJ [0,IT N\ {p})I
and ¢(p,J) = p. With reference to the definition of ¢(p,J), if we substitute
UL, IIJ,J\ {p}) for Mult([0,]]J),J \ {p}), and D(k,m,J) for Div(J,m), it
follows by (12) coupled with (13) that, for any interval I of cardinality []J,

117 - 1ULtkmax1, 0)n 1| =[] (p—2).
peJ

Then, noting that

[[re P\ {2tp-2)2-1)=]]pePn)\{2}(p-2),
it follows that
[Lepngz (P — 2).

Theorem 3. For any k and any n > 4

2 2
Pn—1 Pn—1
LI — > 1.
5 Lk, 5 1,P(n))| >1

Proof

For any sets M and M’ of integers for which there is a bijection b : M — M’,
let B(b) be the set of all b(m) such that m € M and Div(P(n),m) = @ while
Div(P(n),b(m)) # 0. For any intervals N and M, each of cardinality p? + 1, let
hn Py : N — M be a bijection for which

[Mult(M, P(n))| — [Mult(N, P(n))| = |B(hn,m,pn))]-
Let I(n,a) be [a,a + p?] for which
IMult([a, a + p2], P(n)))| = min{|Mult([z, + p2], P(n))| : 0 < = < [ P(n)}.

11
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Then it follows by Theorem 1 that, for any interval I for which |I| = p2 + 1,
|B(hr(n,a),1,p(m)| < 2/H(P(n))[ + 1.
Let i be an element of B(hj(n,a),[0,p2],P(n))- Then

{i+z:Div(P(n),i+z)=0, 0<z < [[P(n)}

= [i, [[ P(n) + i)\ Mult([i, [ [ P(n) + i], P(n)). (14)
Let
sy — Mt T P P()
[1P(n)
Then it follows by (14) that b(n)(p2 + 1) is the A.M. of |Mult([z, z + p2], P(n))| for
x ranging from one to [[ P(n).

For any interval I of cardinality p2 + 1, let j;, : [0,]I]) — I be a bijection
defined, for each r € [0,[I]), by jrn(r) = minl + 7 and let j7 . : I — [0, |I]) be a
bijection defined, for each s € I, by j; ,,(s) = s — minI. Then, for any =,

IMult([0, 7], P(n))| — [Mult([z, z +p}], P(n))]
= |B(-7[/a:,:v+p%],n)| - ‘B(j[z,qup?l],n)l

The following is a consequence of the fact that, for any k € B (j}( and n > 1,

n,a),n)
it is for a proper fraction, only, of all elements m of

{jmn(k): M e {[x,x+p2]:0< < HP(n)},

that Div(P(n), m) is empty. Thus, our forthcoming method is tantamount to choos-
ing any |B(hi(n,a),0,p2),P(n))|-element subset of B(jj, ,,) in order to determine
an upper bound for m — b(n)(p2 + 1), for m ranging over

{{Mult([z,x + p2], P(n))| : 0 < = < [[ P(n)}.

It follows by (14) that, for any m € [0, p3], the A.M. of [Mult({jiz z4p2],n(m)}, P(n))]
for « ranging from one to [ P(n), is equal to b(n). Since for any = we have

|Mu1t([(n,a), P(n))| + |B(hl(n,a),[a:’m+pi]’1’(n))|
= [Mult([z,z + p3], P(n))],

the A.M. of |B(hr(n,a),[z,c+p2],P(n))| for @ ranging from one to [[ P(n) is equal to
b(n)(p2 + 1) — [Mult(I(n, a), P(n))|. Further, it follows by Theorem 1 that

IMult([0, p7], P(n))|~[Mult((n, a), P(n))]

= [B(hi(n,a),0p2],P(n))]
<2[H(P(n))| +1,

while also

(P2 + 1 = |B(hi(n,a),02],P(m)))0(1) + [ B(R1(n.a),0,52],P(n))]
= [Mult([0, p2], P(n))|. (15)

12
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Since the integer one is not in P(n), we shall subtract one from the value, given
in 1.1.2, of 2n(n — 2) + 3. Let

21
g(n) = min{| UL (2 pn2 ,P(n)) [:0<i< HP(n)}.
It follows by Theorem 2 and Remark 1.1.2, that

2 2 2
+1 -1 -1
os|UL(p"2 g ,P<n>)|—g<n>sp"2 —2n(n —2) +2.

Recall that
fn) = [1P(n) \ {2} — [UL(k [TP() \ {2}, P(n) \ {2})]
[1P(n)
For n = 5, we have ((p2 —1)/2—2n(n—2)+2) f(n) =~ (60— 30+2) x 0.05844 ~ 1.87.
This necessitates, by our method, at least one solution to the Goldbach equation
p+q=e when e = (p2 —1)/2 with n = 5.

Among all (a,b) in {(pg+1 — Pr, k) : 0 < k < 6}, there is precisely one, the
highest, for which a = 4, and none for which a > 4, but for any ¢ > 4, there is,
on account of the distribution of integer multiples of three, at least one (a’,d') in
{(pr+1 — pr, k) : i < k < i+ 2} for which o’ > 4. Therefore, for any k > 6 and
n = 6, we have k/p, < n/p, < 1/2. It follows by our Lemma, that f(n)/f(n+1) =
Pnt1/(Pns1 — 2). For any r we have 2r?/2r(r —2) = r/(r — 2) and if r = p,, /2 we
have 212 = p2 /2. Therefore for n > 5 we have (p2/2)/(2n(n — 2)) > pn/(pn — 2)
giving

) pi-omin—2)
fin+1) " phyg =20+ 1)((n+1)-2)
Thus our method implies a lower bound for the number of {p, ¢} C P(k) for which
p—+q = e, for any even e such that pz_l <e< pi + 1, that is an increasing function
of k. Coupled with the fact that, for any s for which there exists p € P(n) \ {2}

such that p | s,
[1P(R)\ {2} — [UL(s, [TP(k) \ {2}, P(k) \ {2})]

this in turn implies that, for any n > 4 and any 1,

2 2
pnfl . pnil
) - |UL(Za 2 - 1,P(TL))| > 1.

1.2.1. Remark

Since n/p, — 0, we have 2n(n — 2)/(p? — 1) — 0, so for any integer j greater
than one, the number of (p, q), where p and ¢ are primes whose squares exceed 27,
for which p+ g = 25 (which, since 2j is an even number, is the Goldbach equation)
approaches infinity as j approaches infinity.

13
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2. A Modification of Theorem 3 for Sets of Twin Primes

In the following, the approach to infinity of the cardinality of the set of all twin
primes (prime pairs) in [1,p?], as n — oo, is implied by reference to Remark 1.2.1.

2.1 Theorem 4. For any positive integer n there is a prime p > n such that p+ 2
is also prime.

Proof

The method presented in the proof of this theorem is a consequence of the idea of
the folded number scale illustrated in Figure 1. This is shown in the illustration of
two sets that we shall define, S(z,y) and S’(z,y), together with the folded number
scale, in Figure 2. For any z and y, let

S(z,y)={n+1€z,y]:4]|n}.
Let

S'"(z,y) ={n+3€z,y]:4|n}.
Assume y — x is even. Consider s € S(x,y) for which, for some n, there exists
p € P(n) such that mp divides s, where m is an integer greater than one. Then
neither (s,s + 2) nor (s — 2, s) are in the set of all pairs (¢,r) of primes in [z,y],
such that ¢ + 2 = r. Likewise, for any x < j < (z + y)/2 for which p divides j,
(J,y —j + x) is not in

{(a,b) : a € [z, y]\Mult ((x ””;y} ,P(n)) b € [, y]\Mult ([x;yy) ,P(n)>},

implying j ¢ [z, (z +y)/2]\ U L((z +v)/2, (x + y)/2, P(n)). We note that, for any
q for which ¢ 1 (x 4+ y)/2, and for any interval I of positive integers,

U (S5 maxt gy ) = | 1]

where r € {0,1}.

Consider n > 3 and any K C P(n)\ {2} for which, for each q € K, ¢ 1 (z+vy)/2.
Suppose that |I| = (y — z)/2. Then for any set K of integers greater than two,
there exists 4 for which

Jti+7:r e {Ali,maxT,q)nT:q€ K}}
= S(z,y) N Mult([z, y], K)
and
U{z —s:{s€A(i,maxI,q)NI:q€ K}}
= S'(z,y) N Mult([z, y], K).

14
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Interval, /, between two integers sharing
a common factor p in P(n) Elements

a) ’.31 | of 8(x.y)

] |
R I e e
|
L. SR, S NN S
b) ’
Elements
of S(x.,y)
-
:::::::::Zj.'ZIIIIZFId
L BN E p e L s e s T FO
o
I . S SRR N |
Members of T(x,y)
KEY
Distance = |/]+2 m  Divisor of value 2 or 3
| Divisor in P(n) \{2,3}
NOTES:

1) In Diagram a), the two black boxes eliminate candidates for being twin prime, each column
signifying a distinct integer.

2) In Diagram b), the number scale is folded (as in Figure 1) and the black boxes eliminate
candidates for being k such that k + h = e is a solution to the Goldbach equation.

3) Each black box signifies a prime divisor of an integer signified by the column - in b)
such is either above (j') or beneath (j) the fold - in which it appears.

4) The set of (i, i+2), where i in S(x,y), and the set of integers m for which |D(m,J)| = @, are
candiates for being twin primes (Diagram a)) and k such that k + h = e is a solution to the Goldbach
equation (Diagram b)), respectively. Then, the righthand black box being shifted two columns to
the right in b), the number of respective candidates eliminated for a) is equal to that for b), although
the number of columns (integers) in b) is twice that of a).

FIGURE 2. The Elimination of Candidates in Subintervals of [z, y]
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Assume min S(z,y) U S'(z,y) € S(z,y). Assume also I = [u,v]. Let
TG, I,K)={s+2:{s€ U{A’(i,v+2,q) Nu,v+2]:q€e K}.
Then, for any such 1,
[\ J{AG, maxT,q)NT:qe K} UT(i, I, K)|
=|{m e S(z,y): ¢ | mor g| m+2 for some g € K}|.
This is illustrated in Figure 2 (see Note 4). We note also that
{(m,m +2) : Div(P(n),m) = 0, Div(P(n),m+2) =0, p, <m < p2}

is the set of all pairs (m, m + 2), for which m and m + 2 are each prime, such that
m is in the interval (p,,p2).

Recall that, for any sets M and M’ of integers for which there is a bijection
b: M — M’', B(b), is the set of all b(m) such that m € M and Div(P(n),m) = ()
while Div(P(n),b(m)) # 0. We note that |[1, p2]| is more than twice the value of the
second parameter in the expression L(k, (p2 —1)/2, P(n)). Let p and ¢ be distinct
elements of J. We note that i is not necessarily an element of I or of [1,p2], so (9)

is here superfluous. Therefore, with reference to (8), instead of employing, in our
method, V (k. , {p, q}) = (A'(k,7,p) O A(k, ,0)) U (A'(k, ,q) O Ak, ,p)), we shal
take, for any interval I for which |I| = p2, the sets

U(k,I,{p,q}) = A'(k,max I,p) N A(k,max I,q) NI
and
U'(k,1,{p,q}) = A'(k,max I, q) N A(k,max I,p)NI.
Let
u(k,1,J)=|{U(k,I,M): M € H(J)} +|U(k,I,M): M € H(J)}|.
Let v(k,I,J) be
{A'(k,max I, [[M)N1: M e H(J)}Y + [{A(k,max I, [[M)NI: M e H(J)}|

Recall that Q(k,r,J) = {Mult((k —r,k+r),K) : K € H(J)}. Then with refer-
ence to (10), we may substitute v(k, I, J) for |Q(k,r, J)| and likewise u(k, I, J) for
{V k7, M) : M € H(J)}, giving

v(k,I,J) +u(k,I,J) <4|H(J)|. (16)
For any r, we have
0<H{peJ: Mult([z,y],{p})| < |Mult([z +ry+r],{p}[} < |J].

Then, since the right-hand side of (16) is twice the value of the right-hand side of
(10), it follows by Theorem 2 that, for any k, 1,

I Lk, max T,.7) N I| — || L(i, max I,.7) N I
<8H(J)| +2—2]J|.
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Then since n/p, — 0, we have (8| H(P(n))| + 2)/p2 — 0, so coupled with (15) and
Theorem 3, it follows that for any positive integer n there is a prime p > n such
that p + 2 is also prime. O
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