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Abstract:
We define the Collatz Function : = as follows-
() 5
() 38 +1,
We define the two branches of the above function : - and : - as
follows-
- ( ) E!

We also define the functional sequence of a number as the set of functions applied

consecutively on a certain natural number until the number 1 is obtained, and then

prove that any two consecutive  are separated by at least one . We then define
() as the value obtained by the execution of the functional sequence:

()=t *. }

on

We then show thatif () > for all natural values of , then there exists a
function ( , ) such that

()> (’) | ) lim (,)_,OO

- 00

This implies that ;( ) - oo, which is possible if and only if - oo, providing
a contradiction. Hence, () < for some , implying that the Collatz
Conjecture is true



INTRODUCTION

The Collatz Conjecture, also referred to as the Ulam Conjecture, the
Kakutani Problem, the Thwaites Conjecture, Hasse’s Algorithm or the
Syracuse Problem, was proposed in 1937 by German Mathematician
Lothar Collatz.

The conjecture states that if we define the function

—~  such that-
() 5
() 3 +1,
Then , such that ( ) =1, where
()= C (..C)).),where is repeated k times.

This conjecture has been verified to be true for all natural numbers till an
approximate value of 268

Since the posing of the problem, there have been many partial results on
it, the most recent of which is the partial result established by
mathematician Terence Tao, stating that ‘almost’ all numbers, under
repetitive execution of the function ;- , attain almost bounded
values. Before that, partial results were established by mathematician
Riho Terras in 1976 that ‘almost’ all numbers yield an Q < , under
repetitive execution of the function . - . This upper bound was
later improved to 2899 in 1979, and then it was further improved

to 07925 ipn 1994,



1. SOME NOTATIONS

Let us define - () Y

- () 3 +1,

Also, let us define the ‘functional sequence’ for any as the set of
functions applied consecutively on a certain natural number until the
number 1 is obtained, and let  denote the functional sequence of

For instance, if we have the natural number 5, we have the following
continuous mapping obtained by repetitive execution of the functions
- and : - ,in obedience with the obtained parities:

5-16-8-4-2-1

Note that the functions applied, in consecutive order, are , , ,
Hence, the functional sequence of 5 is:

5 = { }

We can also shorten the sequence to:
s={ %

Since there are 4 consecutive repetitions of : -

2. SOME IMPORTANT RESULTS

Theorem 2.1
Let us assume contrarily that such that contains two
consecutive . Hence, a certain number of executions of S

yields a certain Q such that the function : - 1s
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applicable twice. This is possible if and only if both Q and (Q) =
3Q + 1 are odd. We know that the subtraction of two odd numbers is
always even. Hence, (3Q +1) —Q =2Q + 1 iseven, Q

Evidently, this is a contradiction. Thus, the assumption must be
incorrect and hence,

This concludes the proof o

The above theorem implies that any two consecutive ~  are separated
by at least one . Thus, for any odd , 1is of the form:

{ 1 2 3 4.“}' ’

Theorem 2.2
= _— ( ) <

The result 1s obvious for even values of . This is because if  1is
even, then ( )= 5 < . Hence, we can concern ourselves with the

odd values of  only.

Let us now consider a certain odd natural number . Hence, the
functional sequence of must be of the form:

={ 1 2 3 4.},

Let us define () as the value obtained by the execution of the
functional sequence:

()={ . 3

on



Now, let us assume contrarily that

. ()=
Hence, it is evident that
()=, ()
Claim 2.2.1
()
3 1

Note that, by definition, we can write
a)= 2CC CCCC )
and, (O=C 0 )
The substitution of the second equation into the first gives-

0= ()= =@ ()+D

Hence,

_3 ()+
+1()— 2 +1

This concludes the proof o

Claim 2.2.2
() -




3 +371+ =23—.2 1t

( ): 2 1+..+

Notice that for =1, ;( ) is the value obtained by the execution of

the functional sequence

{ 1

on

Hence,
3 1
O= ()= 2@ +1="r

which is in accordance with our claim.

This serves as the base for an inductive process.

Let us now assume that

3 +371+ _ 37210 o

( ): 2 1+.+

for a certain

Hence, using Claim 2.2.1, we can write  4+1( ) as-

-1
3 +3 1+ 372 1re*
3 > I+,.,+ +1
3 ()+1 _

(
+1(): 2 +1




3+l 43+ 3( +D= 2 1+t —14p 1
=2
+1( ) =

Hence, > 1
Note that,
+1
3(+D— (9 1+t 1 4 01t t — 3( +D— .9 1+.+
=2 =2
Hence,
3+l 4+ 3 4+ :"'21 3(+D)— 9 1+ +
2 l+"'+
+1( ): 2 +1
Which implies,
3 +1 4 3 + :—21 3( +1)— LD 1t

Thus, our claim holds true for ( + 1).

Hence, by the principle of mathematical induction,

3 +371+ _ 37 .21h*

) ( ) 2 1+..+

This concludes the proof o



Claim 2.2.3

Let : -
()= (),
(=22 D1
We have,
()= (),
Hence,
()= () ()= (),

This, along with Claim 2.2.2 gives,

3 +3 71+ 321t -1
— =2
()= T > ()
3+ +3 + +13( D= 1t 1
()= = > ()
Multiplying both sides of the inequality established in ( ) by
_ 1, _
3 + 3 14 :"'23 LD 1ttt —1>2 1. ()
2 1+ - 3

Which implies,

2

(

+1

)



3 + 3 -1 + 3 - . 2 1+.+ 1 +3—12 1+.+ 2 1. ( )
=2 =
2 1t - 3
Thus,
-1 - +.+ _
3 + 3 + =23 .21 1+3_1>2 +1. ()
2 1. o 3
Hence,
1 2 +1. ( )
+==
() 3 3
And thus,
2 +1 ( ) -1
>
(V="
Hence,
If : -
()= (),
2 +1 ( ) —1
>
()=
This concludes the proof o
Let us choose the function ( ) = . We can make this selection

because-

()=,

Also, let us define the function



Hence, Claim 2.2.3 implies-

Claim 2.2.4
()= ( (+1 ( +2,., ( + -1, )..))),

From Claim 2.2.3, we obtain-

()= (),

Implying that the claimed result holds true for = 1. This serves as the
base for an inductive process.

Let us now assume that the claimed result 1s true for = |

Hence,

()= ( ( +1, ( +2,., (+ —1, )...))),
Thus,

a()= (+1 (+2 (#3., (+))))
Which implies,

3 ()+12
2 +1

(+1 C+2 (+3.. C+.)w)

Thus,
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2 + ( +1, (+2, ( +3,., ( +, )...)))—1

>
()= -
But,
2 (+1, (+2 (+3.. (+,)))-1
3
= (, (+1 (+2, ( +3,., (+ ,).))
Implying that the claimed result holds true for = +1,

Hence, by the principle of mathematical induction,

()= ( ( +1, ( +2,.., ( + -1 )---)))

This concludes the proof o

Let us now define the function : 3 -  as follows-

() ( ( +1, ( +2... (+ -1 )...)))

Claim 2.2.5
( , ) isrecursive and obeys the equality-
2 +1 ( + 1’ ) -1
+1( ) ) — 3 ' ,

We have,
(= (CC+L (*20 C+0)0)
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(+1,)= ((+1, (+2 ( +3., (+,).))

Thus,

2 +1 1, -1
()= (, (+1, =221

3 1 ]
This concludes the proof o
Claim 2.2.6
( )_ (2 - ( + )) _( _:103 2 +1t a2t t 4 —1)
) - 3 y
Note that
(,H)=2""1
1 | - 3

Implying that the claimed result holds true for =1

Let us now assume that the claimed result is true for =

Thus,

( ):(2 :1( + )) _( _:103 2 +1+t 4ot 4 —1)

3

Therefore, from Claim 2.2.5, we obtain-

+1(,):(’ (+1’))
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1 +1+ ) —_ -1 +2+ 43+ + 4
e G
- 3
2 +1 ((2 :1( +1+ )) — ( _:103 2 +2t 43ttt o4 - )) —13
= 3 T
2 +1 ((2 +:12( + )) _( _:103 2 +2t 43t.t 4 - )) -3
= 3T

((2 +=ll( + )) —( _13 2 +1+ 42+ 3t 4 ))_3
3+l

((2 +:11( + )) _( _03 2 +1t 42t 43t.t 4 - ))
3+l

Implying that the claimed result holds true for = +1,

Hence, by the principle of mathematical induction,

_(2 10+ )) —( —:103 D w1t 2tat 4o 1)

(,)= 3 ,

This concludes the proof o
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Claim 2.2.7

Note that,
+1(1 )_ (1 )
(2 +:11( + )) —( 203 2 +1F aptat 4o )
(2 - ( + )) _( ;103 2 +1t g2t t 4 —1)

3

B (2 —1 ( +>)2 S (32 et e

3+ 3 +1

(2 =10 + )) ~ ;103 y R
3 3

(2 4 ( +))((2 ++1—3) )

3+
( :03 2 1+ 4o+ 4 )_3( _:103 2 +1t+ 4o+t 4 —l)

3+
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(2 =1 ( +))((2 ++1—-3) )

3+
( :03 2 +1+t 4o+ F+ 4 )_( ;103 +12 1+ 4o+ + 4 _ —1)
— =
Now, note that-
-1
3 *lo w1t 2ttt 4 - 1| = 3 2 +1t 42t 4 -
=0 =1
Hence,
+1( ! )_ ( 1 )
_(2 :1( + ))((2 ++1_3) )
= 31
( 203 2 +#1t 2t 4 - )_ :13 2 41t spt.t 4

3+

(2 :1( + )) ((2 ++1—3) ) 302 +1+ 4o+t 4
= 3 +1 - 3 +1

o )@ o))z e e
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_(2 1 ( +>)((2 v —3) —1)

3+l
Now, note that , =1, < . Hence,
(2 =1( + ))2 (2 :11) =2
This implies,
2 ((2 ++1-3) —1
+1( ] )_ ( ] )2 ( )

3+

=) (-9 -3)

The above implies that the claimed result holds true for = 1. This
serves as the base for an inductive process.

Let us now assume that the claimed result holds true for = |
. Thus-

com o=@ (6 (&9 Y

Also, note that by virtue of the arguments made initially, we can
state-

om0 () )
(o ocom 2@ () 3 )
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The addition of the above two inequalities yields-

++10, )= ()
=) (E52-1) -3)-0) (20 (E5=-
D -2)
Which gives-

++(, )= ()

@) (L6 (59 -3+6 -y -3

Implying that the claimed result holds true for = +1,

Hence, by the principle of mathematical induction,

o= =0 (6 (5= )

This concludes the proof o
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Let us now consider the two sets-
= { |OS = —1 +++1:1},

={ 0= = -1 4+ +41=2}

Note that and

are disjoint sets (N ). Thus, every
0= <

— 1 can be casted into either of the two sets

O @ (E- -y

0>
or . Hence,

3

Note that the sum-
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is the sum of the first terms of a Geometric Progression, starting with 1

: . (2
and having a common ratio (5) Hence,

() () -s-)

Let us now consider the sum-
-1

- (2>2+++1
B 3

Note that the above sum can be rewritten as follows-
— (2) 2 ++ +1 + (2) 2 ++ +1
B 3 3
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1s the sum of the first terms of a Geometric Progression, starting with

: . (2
2 and having a common ratio (5) Hence,

Therefore,
2 5 +1
=6 (l—<§)>+ 3 ()
Let,
1= ={ 1 2. J( )
Thus,

2 (66 -6 )

Note that the above sum achieves its minimum possible value when each

obtains its minimum value, whichis when =0, >, =1, .., =
— 1 (Since each  is distinct)

Thus,
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is the sum of the first terms of a Geometric Progression, starting with 1

: . (2
and having a common ratio (5) Hence,

Hence,

Thus,
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232+1<6 (l—(§)>+6 <1—(§)>—(9 +3)(1—® >)
(2 (62 (-6)-¢ -2(-6))

2
Now, note that = | |= 1. Hence, 1 — (§) >1—=

2
Also, note that = 1 and hence, 1 — (5) >1—-

Hence,

Hence,
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Hence,

The above implies that-

Also, if

Then,

(,)<

1s chosen such that-

Which implies,

Thus,

+1(a )<

24

+2( ] )<




+1

Hence,

2
+C.)—= ()=

Which implies that
+1( 1 )_ ( ] )> 1

This ensures that lim  (, ) does not converge to a finite limit.

Thus,

lim (,)—»00

— 00

But, Claim 2.2.4 suggests-

()= (C,)
Hence,

O=lm (),
Thus,

() - oo,
Thus,
3 1
10 )= ” - O -
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Clearly, this is a contradiction. Thus, our assumption must be
incorrect, and thus,

()<

v

This concludes the proof o

Remark

The Collatz Conjecture follows immediately from Theorem 2.2 due to
the principle of mathematical induction. Theorem 2.2 suggests that every
number yields an € < . This argument can be used over and over
again to argue that all natural numbers eventually yield 1.

3. PROOF OF THE COLLATZ CONJECTURE

Theorem 3.1

The Collatz Conjecture is true. In other words, if we define the function

- such that-
( ) E’
() 3 +1
Then , such that ()=1

The Collatz Conjecture has been verified to be true for all natural
numbers till an approximate value of 2%8. This serves as an appropriate

base for an inductive process.
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Let us now assume that the Collatz Conjecture is true

IA

Thus, such that

()=1
Let us now consider the case of = ( + 1). Thus, Theorem 2.2
implies that

IA

( +1)< +1
This implies that-

(+D=p=s ()

Also, note that p < .Thus, p < and hence, | such that-

P(h) =1 ( )

Now, from ( ),
( +1)=p
Hence,
TR +1) = P(p)
But, from ( ), P(b) = 1. Hence,

T +1) =1
Also, note that  + |, . Thus, 1= * such that-
1 +1D) =1

Implying that the conjecture holds true for ( + 1).
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Hence, by the principle of mathematical induction, if we define the
function

—~  such that-
( ) E !
() 3 +1
Then , such that ( ) =1, implying that the

Collatz Conjecture is true!
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