A Concise Proof of Fermat’s Last Theorem[!]

ABSTRACT. This paper offers a concise proof of Fermat’s Last Theorem using the Euclidean algorithm.

1 Introduction
Fermat’s Last Theorem states that no positive integers x, y, z satisfy x” + y" = 7" for any integer n > 2.(cf.
[1]) This paper offers a concise proof of this theorem using the Euclidean algorithm.

2  Proof

xP +yP = zP; p: odd prime; x,y, z: pairwise coprime; x, y,z € Z T (positive integer) (D
From (1) it follows that
X4yl = (x+y)fley) =2 fay) =2+ (=) o+ ()P @)

Then, polynomial division of f(x,y) by x+ y gives a remainder r = f(x,—x) = px”~!. Let f(x,y) =
g(x,y)(x +y) + pxP~" and (x +y, f(x,y)) = g, then px’~!' | g. Hence, according to the Euclidean
algorithm (x +y, f(x,y)) = (x -+, px?~!) = g = p or 1 because x +y { x*~!. Similarly, (f(z,—x),z —
x),(f(z,=y),z—y) = porLifweletzl —x¥ = (z—x)f(z, —x) =y, 2P =y = (z=y)f(z,—y) = "
2.1 Inthecase (x+y,f(x,y)) =p

(x4, f(x,y)) = p means p | z, because (x+y)f(x,y) = z”. Similarly, (z — x, f(z, —x)) = p means
ply. p|zand p|y cannot be satisfied at once, because (z,y) = 1. Hence, when (x+y, f(x,y)) = p,
at least it is required that (z — x, f(z,—x)) # p G.e. (z—x,f(z,—x)) = 1) For the same reason, when
(x+y, f(x,y)) = p. atleast it is required that (z —, f(z,—y)) # p G.e. (z—y, f(z,—y)) = D).

Now, let X = XgXp,y = YaYp (Where Xg,Xp, Ya, Vb € Z+7 (xbhxb) =1, (ya,)’b) =1, f(Z, —X) = ybpa
f(z,—y) = xpP), then z — x,z — y can be written as following (3),(4).

z—x=yd’ 3)
2=y =X )

From (3) and (4) it follows that
x—y=x"—yd’, )]

where X — Yy = XgXp — YaYb- X'’ — Yo | X4 — Ya. Hence, XaXp — YaVp | Xa — Ya. Moreover, (xq,y4) = 1. It

yields x, =y, = 1 and p = 1. This means that p cannot exist.

2.2 Inthe case (x+y,f(x,y)) =1

Let 7 = 7,25 (Where 24,25 € Z, (24,25) = 1), then when (x +y, f(x,y)) = 1,x+y can be written as
x+y=2z.7. (6)

When (x+y, f(x,y)) = 1, at least it is required that both (z —x, f(z,—x)) # pand (z—y, f(z,—Y)) # p

at once. Hence, either (6) and (3), or (6) and (4) must be satisfied at once. Thus, similar to the case 2.1

above, p = 1. This means that p cannot exist.

3  Conclusion

Consequently, no positive integers x,y,z satisfy x/7 4+ y!P = z/P (where | € Z*). Besides, that no posi-

tive integers X, Y,z satisfy x4 y4 = 7% was proven by Fermat.([2]) This means according to the laws of

exponents that no positive integers X, y, z satisfy " 4 yzm =7 (where 2 < m € Z™).

In conclusion, no positive integers X, y, 7 satisfy x"” + y"* = 7" for any integer n > 2. QED.
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ZFor reference, even if e.g. (z—x, f(z,—x)) = 1, there still exists the possibility of p |y, but y,z must not have the common prime
factor p like any other positive integers.



